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Abstract.
Among the class of Kahler surfaces with zero scalar curvature, only
the twistor space of those surfaces which are also Ricci-flat can admit nonconstant meromorphic functions. Moreover, the transcendental degree of the
function field of the twistor space over such surfaces is equal to one. This result
leads to a classification of twistor spaces with positive algebraic dimensions.

Introduction. In this article, we study the class of four dimensional compact
connected Riemannian manifolds with a fixed orientation. The manifold X
is also assumed to be self-dual with constant scalar curvature [3, 18]. Then
the twistor space Z over X is the space of almost complex structure on X
compatible with the metric such that its canonical orientation is conjugate to
the one given on X. As X is assumed to be self-dual, the tautological almost
complex structure on Z is integrable [2]. In other words, Z is a compact
complex manifold.
On a complex manifold, one of its roughest birational invariants is its algebraic dimension a(Z) ; i.e., the transcendental degree of its field of meromorphic functions over C. It was shown by the author that if a(Z) is equal to
three then the self-dual conformai class on X contains a metric with positive
scalar curvature. However, when one allows the algebraic dimension simply to
be nonnegative, X can be a Ricci-flat surface as the K3-surface with Calabi-Yau
metric and orientation conjugate to the canonical one. As a Kahler surface with
zero scalar curvature is necessarily anti-self-dual [6], we shall consider Ricci-flat
Kahler surfaces as a special subclass in the family of Kahler surfaces with zero
scalar curvature and prove the following:
Theorem. Suppose that X, with its conjugate orientation, is a Kahler surface
with zero scalar curvature. Then a(Z) < 1 ; with equality if and only if X is

Ricci-flat.
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With this result and a result of Ville, one can also derive the following

Corollary. If X is simply-connected and a(Z) is positive, then
(1) X is either the Ki-surfiace with the Calabi-Yau metric and conjugate
orientation
or
(2) homeomorphic to the four sphere or the connected-sums of complex projective plane with positive scalar curvature.
This observation is an extension of Hitchin's work on Kählerian twistor
spaces [13], the author's work on Moishézon twistor spaces [17] and is mainly
motivated by the results of Ville [19] and the large class of manifolds that admit
self-dual metrics [8]. We shall discuss this corollary and Ville's work toward the
end of this article.
Proof of theorem. Suppose that X is given as in the theorem. Let / denote the
complex structure on X, then J and -J are sections of Z over X. The fact
that they are also Kahler structures implies that they are parallel with respect
to the induced connection on Z . Therefore, the images of X via J and -J
are horizontal holomorphic submanifolds in Z . They are denoted by S and
S respectively. The notation S is justified by the fact that the map Jx<-* —Jx
for any Jx in a fibre of Z over X is an antiholomorphic involution. In fact,
this involution is usually called the real structure [1]. This structure will play a
vital role in our computation.

Since the associated bundle SS of the divisor S + S is invariant with respect
to the real structure, so is its first Chern class. As the second cohomology group
on Z is generated by c,(K_1) and H2(X, R), where K_1 is the anticanonical
bundle on Z, and the real structure acts on H (X, R) by multiplication of
-1 [13, 16], the first Chern class of SS is a multiple of cx(K~ ). Counting the
intersection number with a generic fibre of Z over X, we have

c1(^)=l/2c1(K-1).
—1/2

—1/22

Note that there is a real holomorphic line bundle K
such that (K ' ) is
isomorphic to K_1 [13], therefore, there is a real holomorphic line bundle L
on Z such that
(1-1)
K"1/2 = SSL
with c,(L) vanishing. By the adjunction formula [10], one can check that the
restriction of S onto S is simply the anticanonical bundle of S, KJ . Since
the divisors S and 5" are disjoint, the isomorphism (1-1) is restricted onto 5

and S to be
(1-2)

K"51/2= K~\

and K^1/2 = %'l^.

Then for any holomorphic line bundle F on Z , we have the following exact
sequences of sheaves of germs of sections:

( 1-3)

0 -> Jr~m/V^_1

- Jf~m/V -» cfs(K~mL~m¥)
-» 0
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0 -» JAA~(m-x)l12AF— 3¡A~mll^5^~x *♦ c%(%mL"mF) -» 0.

Their induced exact sequences of cohomology yield an injection:

(1-5)

0 -♦ H°(Z , jr~{m~l)/2^^)

-» H°(Z , ¿r~",/V).

If X is not Ricci-flat and c, (F) = 0, this injection is an isomorphism. To
prove this assertion, we simply have to check that

h°(S, Ji~m3'~m3r) = 0 and h°(S, Jrfm&~m&') = 0,

for all m ^ 0.

This is essentially a vanishing theorem of Yau [20]. The reason is that when X
is not Ricci-flat, cx(Kx) is not equal to zero, neither is c,(KJ ). In particular,
the first Chern class of KJwL~mF is not equal to zero and hence it is a nontrivial
bundle on the surface S. If it had a nontrivial holomorphic section, the set
of zeros forms an effective divisor D. As the Kahler metric on X is also the
Kahler metric on S, the volume of Ö in 5 is equal to the cup product of
mCj(KJ ' ) with the Kahler class. On the other hand, this cup product is exactly
the total scalar curvature and therefore is equal to zero in our case. Then the
volume of D would have been equal to zero. This contradiction shows that
KJmL_mF has no nontrivial sections on S. The same argument works on S.
Therefore, the injection (1-5) is an isomorphism. Inductively, it gives

H°(Z , 5fmSr) S H°(Z , %A-mß&~).
But the first Chern class of LWF is equal to zero, Lemma 2.1 of [16] shows
that this line bundle cannot have nonzero sections except when it is the trivial
bundle. However, when it is the trivial bundle, then

K-m/2F= (sg)«L«F = (ss)".
The same lemma also requires m to be positive when K~m' F has nonconstant sections. Therefore, under the assumption that X is not Ricci-flat, for
any F with c,(F) = 0, the bundle K_,n/2F has no sections except when it is
isomorphic to (SS)m and m > 0, in which case the space of sections has only
one dimension.
Since the argument of deriving (1-1) actually proves that any real line bundle
V is isomorphic to K_m/2F for some m and some real F with vanishing first
Chern class, then

h\z,T)<

1.

Let us assume, to the contrary of the theorem, that the twistor space has
a nonconstant meromorphic function when X is not Ricci-flat. Let D0 and
D^ be the divisors of zeros and poles respectively. They have isomorphic
associated line bundles [10]. This line bundle is denoted by D. Since DD is a
real bundle with nontrivial sections, then the preceding argument shows that DD
is isomorphic to (SS)m for some positive m. Moreover, the only divisor of
this bundle is m(S+S). Therefore, the divisors D0+D0 and D^+D^
are not
only linearly equivalent but also identical. As we can assume that D0 and D
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have no common components, this identity implies that the conjugation of the
divisor of poles is exactly the divisor of zeros. Therefore, the bundle D is real.
It follows that this bundle has at most one divisor and hence the divisor of zeros
would have been identical to the divisor of poles. This contradiction shows that
any meromorphic function on the twistor space associated to a non-Ricci-flat
Kahler surface with zero scalar curvature has to be constant.
To complete the proof of our theorem, we simply have to check that the
algebraic dimension of the twistor space associated to a Ricci-flat Kahler surface
is always equal to one. By a fundamental theorem of Cheeger and Gromoll [5],
all such surfaces have the form X/G where G is a finite group of isometry on X
and X is either the flat torus or a simply-connected compact Ricci-flat Kahler
surface. In fact, if X is not the torus, it is the K3-surface with the Calabi-Yau
metric [5]. Therefore, the torus and the K3-surfaces are the universal models.
If X is the torus or the K3-surface, their holonomy is contained in SU(2).
Then one can find a holomorphic submersion [11]:

p : Z - P1
from the twistor space onto P such that K_1/ = p*H where H is the
hyperplane bundle on P . The fibres of p can be considered as a smooth copy
of X with a complex structure compatible with the Ricci-flat metric on X. In
this description, it is obvious that Z has nonconstant meromorphic functions.
To check that Z has algebraic dimension one, we may simply observe that
a generic torus or K3-surface has algebraic dimension zero [4]. However, we
prefer to give an argument in the line of our previous computation to show
that the only line bundle on the twistor space that has nontrivial sections is the

p*Hm.

Note that any conjugate pair of points on P1 determines a conjugate pair of
divisors S and S in Z, therefore,

SS = K~1/2.
This is a refinement of (1-1). Then for any line bundle F on Z, we have
the exact sequences as the (1-3) and (1-4). However, in the present case, the
canonical bundles of S and S are both trivial as the canonical bundle of X
is. When F is a bundle with vanishing first Chern class and nontrivial on S,
one can apply Yau's vanishing theorem again and prove that there is a natural
isomorphism:

H°(Z , F) = H°(Z , K~W/2F)= 0,

for all m > 0.

As F has vanishing first Chern class, it has no global sections [16], and hence
K~m' F has no nontrivial sections. In other words, if this bundle is real and
has nontrivial global sections, it has to be trivial on every conjugate pair S and
S. It follows that F = p*H for some k. But F has vanishing first Chern
class and therefore, k = 0 and F is actually a trivial bundle.
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As any real line bundle has the form K ' F, the only real line bundles
with nontrivial sections are K_m/2 with m > 0. If D is any line bundle with
effective divisor, then the reality of DD implies that
DD = Km/2=/H2m.

Since D and D have the same intersection number with a real twistor line,
D = p*Hm®L

and D = /?*Hm®L_1,

for some line bundle L that is trivial on every real twistor line. But the bundles
D and D have nontrivial sections, the argument in the last paragraph shows
that the bundle L is trivial. Therefore,
D = D = p*Hm.
It means that any meromorphic function on Z is given by a composition of p
with a meromorphic function on P1 and hence a(Z) - 1 .
Suppose that X = X/G is a general Ricci-flat Kahler surface and G is a finite
subgroup of isometry on X which is a flat torus or a K3-surface, then the twistor
space Z of X is given by Z/G where Z is the twistor space of X. G acts on
Z because, in general, conformai transformation on X induces holomorphic
transformation on Z . To see the smooth action, recall that the projection p is
differentiably trivial. Therefore, as a smooth manifold Z=IxP'.
Then the
action G on Z is the isometry on the factor X and the following action on
P1:

J ^(dg)oJ

o(dg)~l

for / in P as a compatible complex structure on X and g in the group G as
a map from the manifold X onto itself. One may also take the viewpoint that
the group G acts on Z and P holomorphically and then the holomorphic
projection p is G-equivariant.
Since Z —Z/G, the algebraic dimension of Z is at most one. On the other
hand, the action G on P1 is actually a finite subgroup of the standard SO(3)
action on P1 because it is a subgroup of isometry on X. Moreover, as the
action on each real twistor line commutes with the antipodal map, the C7-action
on P1 is a finite subgroup of the standard action of SU(2). This type of
group is classically called the binary polyhedral group. As there are (/-invariant
polynomials on C found by Klein [14], there are G-invariant meromorphic
functions on P1 . Therefore, the algebraic dimension of Z is also equal to 1.
The proof of our theorem is completed.
Proof of corollary. In [19], Ville claimed that if twistor space has positive algebraic dimension, then the self-dual conformai class on X contains a metric with
nonnegative constant scalar curvature. As the proof over a simply-connected X
is fairly easy, we shall follow Ville's argument in this special case and prove the
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following:
Lemma (2-1) [17, 19]). If a(Z) is positive and X is simply connected, then the
scalar curvature on X is nonnegative.
If the scalar curvature is positive, there is no harmonic anti-self-dual 2-forms
on X and therefore, the intersection form on X is positive definite [12]. It
follows that X is homeomorphic to the connected-sums of complex projective

planes [7, 9]. On the other hand,
Lemma (2-2). If X is simply-connected with zero scalar curvature and a(Z) is
positive, then X, with its conjugate orientation, is a Kahler surface.

As a consequence of our theorem, X is the K3-surface with Calabi-Yau
metric and conjugate orientation.
To prove the above two lemmas, let us first observe that the simple connectivity of X implies that a holomorphic line bundle on the twistor space is uniquely
determined by its first Chern class. To check this claim, one simply has to show
that the Hodge number h ' ' is equal to zero. Recall that the Todd genus is
the alternating sum: h ' - h 'l + h ' - h ' . For a twistor space, it is equal
to I - bx+b_ [13], where b_ is the dimension of the space of anti-self-dual
harmonic 2-forms. By Serre duality, h ' is equal to the dimension of the space
of sections of the canonical bundle which is always equal to zero [13]. By the
twistor correspondence, b_ is equal to the dimension of H (Z,K) [12]. Then
Serre duality implies that h ' =b_.
simply connected, h0'1 —0.

Therefore, bx —h ' . Hence when X is

Proof of Lemma (2-1). Suppose that the twistor space has positive algebraic
dimension, there is at least one non-constant meromorphic function on Z.
Then the divisors of zeros and poles are the divisors of a nontrivial holomorphic
section of a holomorphic line bundle, say F. Let L be FF, then L is a real
line bundle. It follows that the first Chern class of L is an integral multiple
of the one of K~1/2 and hence L = K~m/2 for some integer m. As F has
nontrivial divisors, so does L. Then m is strictly positive [13].
On the other hand, there is the twistor operator Dm defined by the composition of the induced connection D on the bundle of -1/2-spinors with weight
m with an orthogonal projection [2, 12]:

Dm:S"^SÂ,®S+®S_^S_'+l®S+.
As ||-Dms|| = fl||Di|| - bu\\s\\ , where a, b are positive universal constants
depending on m , u is the scalar curvature [17], when the scalar curvature is
negative, Dm has no non-zero kernel.
However, the space of the solutions to the equation D2ms — 0 is naturally
isomorphic to the space of holomorphic sections of K~m' [13], therefore, when
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the scalar curvature is negative, this bundle has no holomorphic sections and
hence the twistor space cannot have non-constant meromorphic functions.
Proof of Lemma (2-2). We have seen that if there are non-constant meromorphic functions on the twistor space, the bundle K~m' has non-zero global
sections, for some positive m . It implies that the equation D2ms = 0 has nontrivial sections. When the scalar curvature is equal to zero, the solutions to this
equation are exactly the parallel sections of the bundle 52m . Then the structure group of this bundle is reduced from 50(3) to U(I) and the holonomy
of the principle bundle of the frame on X is reduced from SU(2) xz 5(7(2)
to SU(2) xz U(i), i.e., Í7(2). It means that the metric on I is a Kahler
metric. However, the orientation induced by the complex structure is conjugate
to the given one because the Kahler form which is a parallel section of 52 is
anti-self-dual. It completes the proof.
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